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1 Introduction

This document provides the supplementary material to the manuscript “Indefinite Integra-
tion of the Gamma Integral and Related Statistical Application”. It comprises three parts:
mathematical proofs, cumulative distribution functions in “A” forms, and Matlab program
files for validations and replications of proofs, figures, and tables. In order to make mathe-

matical deduction as transparent as possible, the author presents all the proofs in detail.

2 Mathematical Proofs
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Proof. Let t = u?, and hence u = t'/? and dt = 2udu. Therefore,
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/exp (—u?) du = 3 /t_l/2 exp (—t)dt
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=—g(=,-1,t).
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We can replace t with u? back and derive
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—u)du= =g (=,—1,u2).
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Proof.
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Proof. We can construct the following identity by (5)

1 exp(e)h , =g(k+1—r1,c).

Therefore,
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Proof. Performing long division for 1/[(k + 1+ ¢) — 7], we derive
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Sum all the terms by r¢, for example ¢ = 0, and the result is

+cl 1 10+02 1 10+
ex —— )+ =— )+
p(— k:+1 U\ k+2 2\ % +3

~exp(— k2 k3 }

e [o iDL O(E+2) T2kt3)

exp
Ck+1 c"exp (c

For 1 = 1, we derive

(=) P 1 21—1-01 1 21+02 1 21+
e J— — — — [ — S .« ..
PO o\ k1) " T1\kx2) " Tal\kys) "

exp(— C),,,l okl ck+2 ck+3
= + +

cktl [0!(k+ 1) 1(k+2)°  2(k+3)° }
_exp(—c)r1 / fck exp (c) dcdc

ch+l c

Repeating the same operation by changing i, we can conclude

i = SPED S0 k),

where
10 (¢, k) = /ckexp( ) de,
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19 (¢, k) :/ i “de.
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Proof. By definition, I'¥ (¢, k) = [ ¢* exp (c) de. Therefore,
1O (¢, k) = ¢ exp (c) hE.

Using integration by parts, we can solve IV (¢, k)
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Repeating the same operations for n times, we derive
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Summing the series by i, for example ¢ = 0, we derive
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For : =1 and 2, we derive
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respectively. Bringing the above results back to hj_,,
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We can simplify the expression

¢ =c lexp(—=c) I (¢, k) + ¢ Flexp(—c)r Z

and conclude the proof. [J
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Given (9), we derive h§ by setting k = 0 and r = 0. Therefore,
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Using the same method by setting £ =1,2,--- and r = 0, we derive
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Therefore, we can conclude the proof
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and
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Therefore, we conclude the proof. [
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Here, we know
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we derive
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where n — co. As a result, we can conclude a general result: for 1/(i + 1 — r), the sum of

all the relevant items is .
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Therefore,
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Bringing the above result back to (13), we can conlude the proof
h™¢=—c ! —rc texp(c)l (—r).
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Proof. Given r € (0,1), r = ¢/p, and 0 < ¢ < p, we know

F(—r+1):F<u)
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Let t = zr—4, and we derive
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By the transformation of variable, we can derive
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The numerator is in fact the solution of the definite gamma integral with the lower and
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The factorial denominator is also the solution of the same integral, but with an infinite upper

limit rather than ¢
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Proof.
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Proof.
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Proof. Given (4), we know

e 1 (=o' (=)’
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To find the inverse function of “h”, ~*h, (§), we need to use [(s + 1) (s +2) § — (s + 2)] as the
core function to construct a power function, with which the final results is ¢. For instance,

the coefficient of the first term of the power function is —1, since the result is ¢ plus the
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remaining terms
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Next, we will construct a second-order power term with the core function to eliminate the
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Repeating the same process, we can derive the inverse function of “h”
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.
S

B . (—q) 9D pp
:Z( q)

i=0

Proof. Replacing ¢ with —¢ in the summation formula, we can derive the subtraction
formula. [
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Proof. Replacing ¢ with ¢~ in the multiplication formula, we can derive the division

formula. O
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Proof.
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Proof. Applying the first partial derivative formula, we can derive the second-order partial

derivative of h¢ as the second-order forward difference on s

) _ 0 e e
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For the nth-order partial derivative, repeating the first-order forluma n times will result in

the nth-order forward difference on s
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Proof. For the first-order partial derivative of exp(c)hs,

0 (exp(c)hs) 9 (hg) c
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Proof. Given the first-order partial derivative formula of h{ with respect to ¢, we know
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We can apply this formula infinite times and sum all the terms in the left-hand and right-hand
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, where n — oco. Since lim [hS,, ., dc— 0,
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]
P27 (LN 13, Page 15)

(n)
[ e = 3o (T s
=0

Proof. Given the first-order antiderivative formula of h¢ with respect to ¢, we can derive
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(2)
/ hide = /hcdc / hi, dc — / hi, ,dc —

hc + hiq + hg o+ hos + )
+ (thrl +hipo + R+ oy +- )
+ (h§+2 + hs+3 + hc+4 + hs+5 ) )

_|_

I (e
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Repeating the first-order antiderivative formula n times, we derive
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Proof.
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Proof.
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Proof.

70 i i (1) (-n) e

Cil(s+ 1+ D

The above formulas conclude the first to nth partial derivative of AS on s. [
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where w; = 1, wy = cw; + % (cwy), -y Wy = CWp_1 + % (cwp—1).

Proof. We start by taking the first-, second-, and third-order antiderivatives,

)

/hids =exp(—c) Z %l n(s+1+1),
i=0

@ < .
/ hids = — s + exp(— ZH (s+144d)In(s+1+1),

+

®) 352 s cs  exp( = ¢
/ hods == = =0 = o —;Es—l—l—l—z) In (s + 1 +1).

Repeating the same process of integration by finding the proper constant, we can conclude
the proof. []
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Proof. Let u = xt, du = xdt, and t = u/z. We transform F(;) into an integral function of

< exp(—xt
E(l)(fv)Z/1 —p<t Lar

:/ u™ ! exp(—u)du.

We can change the variable u back to ¢ and conclude the proof. [J
P33 (LN 7, Page 20)

Eu (x) = x"I/ t "exp(—t)dt.

Proof. Using the transformation of variables, we derive

> exp (—uxt
E(n) (JJ) = /1 %dt

_ / 1SR

U’I’L

—x”l/ t7" exp (—t)dt.

U
P34 (LN 4, Page 21)

n

Eqy(z;C,t) — Eqy (2;C) = li_)m Z (hE —nS).
s=t+1
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Proof.

Eq) (z;C,t) — Eg) (2; C)

t 4
= [<log|—C| + th) — <log|—x| + th)]
s=0 s=0
— [(10g|—C’| + lim th) - <log|—:1:| + lim Zhﬁ)]
s=0 5=0

t n t n
=y nf- lim oS- ni+ lim > ht
s=0 s=0 s=0 s=0
= lim En: (hZ —hS).

n—00
s=t+1

O
P35 (EQ 25, Page 22)
ky >k + (A —1)exp(—=CA) |1+ (A —=1)(C — 1) h—C(,\ 1)]

+ D [0 (A= 1) exp (—C' (A = 1)hy by CO7Y.

Proof. According to (24),

t

+Z h/\C x
s=0

ky = Eqy (2;AC,t) = log

Given the multiplication formula, we know

h)\C hC’)\ 1H)+C

) dhS N [C' (A —1)]* d®hS
dC 2! dC?

=hS +C(\—
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Bringing h}¢ back to Eqy (z;AC,t), we derive

\C i
=
t

=logA+1logC —logz + »  [h — h!] +Z

s=0

dhS [C (A —=1)* d®h¢

Voot o et _hS}

dhC N [C'(\—1)]* &?rS
) e 2! dC? '

Eqy (x; M0, t) = log hS +C (X —

We need to work out the last term.

t

2 |C

s=0

dhc [C (A —1)]* @*hC
ac " 2! dC?

L dn¢ Llen- 1)]? = d2n¢ .
— dC 2! L dC?

(CO= D) [(BE = BE) + (K = ) + -+ (Ko — O]

= [C (1))

OO [0 90§ 1)+ (5 =25 + 8) + -+ (15, — 205, + 1)
+ .
— 0=y 16— 1)+ O e, g, ng)
B [CA=D]?dhS [C(A=1) d?hS
_{_[C(A_l)]hoc_ 2! ac 3| dC?""}

_ 2 C 21,.C

We have already known

hS = —Clexp (—C) +C™*

dhc -1 -2

el =C?exp(—C)+Clexp(—C)—C
th/OC _3 -2 —1 -3
ey = 2C P exp (—C) —2C 2 exp (—C) — C lexp (—C) + 2C
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and hence, we can work out the last two terms, respectively.

[CA=D]?dhS [C(A—=1)]°d®hS
2! ac 3! dc?
= (A=1)[exp (=C) —1]
—exp(—C) —Cexp(-C) l}
2! 2! 2
2exp (—C) N 2C exp (—C) N C%exp (—C) 2!}

—[C(A =] hG -

+(A—1)2{

3
=) { 3! 3] 33

p(=C)

— logt ex 0'— Cexp (—C)

1!
(k=1)' (k- 1)2] .

k—1)"
log A + log)\—u]

1

C?exp (—CO)
2!

log \ —
8 1 2

p(=C)

— loght ex 0'— Cexp(—C)

1!
(1-k)'  (1—k)?
1 + 2

log A +

C?exp (—CO)

5 log A +
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[C (A =D dhi, Iy D’ hiy

C
C =Dl + —; aC 31 dC?

—leo- g+ O e, i)
+W,’—j”]g(ht€+g_zhg2+hgl)+---
_ CO-D' [CO-DF  [CA-1P
B R T R TP R P w

cO-DF CcO-)PF  coa-nf ]
e Tors T s T owa

cO-DP co-)'  coa-1P ]
thie|—os T T a0

c(r-1) C(r-1) c(r-1)
= h{,, / exp(—u)du + he,, / u'exp(—u)du + hgg/ wexp(—u)du + - - -
0 0 0

= hgrlul exp (—u) hg " + h,izu2 exp (—u) hi" + hggu?’ exp (—u) hy* + -+ |u=c(r-1)-

For the first term, we can further specify its lower limit, since

A-1" (-1
log A > ] = 5
A1 (-1 (A1)

>
1 2 3

—log A +
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and therefore,

—log A + —exp(()!—C’) log A + —Ce)qi!(—C’) log A\ + C _1)\)1]
Crexp (20) g 5 4 A= V', = N
o+ EQ e =O) O _<A—21>]
L O en(=0) [ =1 (A1)
1! I 2 3 |
e (-0) [ -1 (A1)
2! I 3 4 |
_ exp(=0) [[CO-1)' [CO-DF  [COA-D)
= losAt g { o1 112 23 }
_exp(=C) {m—w _lep-P e -yp _}
C? or-2 113 2.4

C(A-1) c(x-1)
= —log\+ Clexp(-0) / exp (—u) du — C 2 exp (—C) / uwexp (—u) du
0 0

= —logA+ C lexp (—C —u)u'hy" — C*exp (—C — u) u*h“|u=cr—1)-
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We can bring these two terms back to ks

kQZE (QU')\C t)— ()(l‘)
o e - ['dYRN
=log A +logC — logx—l—; h h +Z Z aC ) ()
€ 1) il
=it logh - Z | dCZ L 2 i! dC1
C'exp( 1=\ - —1)]"d0? htc+1
Z—< oL )az e
eXp —C)\ (A= 1)2+1 (A=p? — 1)) d"Ing,,

>k1+2< )( (i+1) (z+2 +Z . dCi—1
= ki + C 'uexp(—C —u) (hy" — C~'uh{") + Zu”lexp(—u)h “hgrlﬂ ooy

=0

where all the three terms in the RHS equation are positive. [
P36 (LN 5, Page 23)

f — Y
erf (x) ﬁexp( x) %1
Proof.
2 X
erf (x) = —/ exp (—t%) dt
™ Jo
2 1 2
=—— (=t —t3)ht
ﬁ<2 o (<) hy t=x>
xr 2 _ 2
= — —z°)h~%.
ﬁexp( x ) _71
O

P37 (LN 7, Page 23)
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Proof.

O
P38 (LN 2, Page 24)

B(a,p) = —
hafﬂ—l
Proof.
I'(a)T'(8)
B -\
C®exp (=C) h;%,CP exp (=C) hg_cl
B CotBexp (—C) hafﬁ 1
eXP(—C)h_CmE—Cl
haf/j 1 .
O

P39 (EQ 26, Page 24)

B, (o, B) = z%exp(—x)h, x1+2{ [ H j)]

Jj=1j#i

i—1 a—i—k
vexp ; k' K (a+k)

Proof. According to Dutka (1981, p.17), Gauss derived an idenity of the incomplete beta

function as

_ o (B=Dattt  (B-1)(8—2)2*"?
Ba(a.8) =55 ~ Hat1) 2! (ar + 2) I
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We can work with this form by rearranging it as an infinite series of the “A” function.

(Bt (B-1) (B —2)at?
B0 d) = e~ arn) T 2atD
CCa xa-f-l xa+2
Z{m—mwn*m(wzf”}
rotl rot2
+{—1!(a+1)(ﬁ—2)+2!(a+2)[(5—1)(5—2)—1]—---}

:/$a1exp(_$)d$+(ﬁ_2) {_1!(054-1) +2!(a—|—2)

g - D=3 - g (- D=2 (G- -1+ |

=1 0lgy

= z%exp(—x)h,%y + (B — 2) (xanp(_x)hx = )

e :L,a+1
+ (-1 (-3 (xanP(_x)hc:wl Tl T T(ag 1))

wa :L,Oz+1

+(B-1)(B-2)(8-4) (xaexp(—x)ha_fl Tl T(at1) 2 EBOC::‘ 2)>

The result concludes the proof. [
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Proof.

B (5555 )
v __2112 v v _71:24 | 4 |14 v _Tz':
=1- (%) 25+ (%) (%) 25 — (45 () () 25 +
113 215 311
1 tl t§ té tz
2 2 2 2
=——|——-b—7s+bb+1)—=—-00b+1)(b+2)=—=+--
Qt(O!% g OO g~ D(bF2) 5
1 3 5 7
1 2 2 n t2 t2 N
EENA R
3 5 7
12 t2 t2
+ [1!—§(b1)+2!—§[b(bl)l] — =7 b+ 1) (b+2) -1
2 2 2
1
1 )1 ~ 1 L, t2
=——<t2exp(—t)h +(b—1) [t2exp(—t)hT, -
1 3
1 t2 t2
+ b [t2exp (—t)h Y — — + —=
3 0y 1
1 3 5
1 t2 t2 t2
+b(b+1)* |t2exp (—t)h T — — 4+ — — :
5 o ud o o2
where t = Z and b = “I!. Changing ¢ and b back to # and v, we can conclude the proof. [J
P41 (LNG6, Page 26)
—C —b?
eXp ( > a 21 OMJrZeXp (Tc)hj\/[2 1445 b2 M+l)exp < >h]\42 1+7%
Qu (@b = g gy 2= (5) Z -
=0 i (M —1+5)
j=1
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(%>M+1a26Xp(%ﬁ> = oM+ —z?
— |d
) [t ()

(5"t exp (’T“Q

> 2
2M+3 —Z d
MR f exp( 2 > :
4.
(%) e <_Ta2> 1 M —U =4 00
o (M) 2 (“ eXp( 5 ) M—1> -
(3" aexp () .
2 2 )1 —u\ , 5 [
! 1T (M +1) 2<u eXp(Q) M) »
(3) “a'exp <‘—“2> i
2 2 )L e —u\ , 5 ) [
* 21T (M + 2) 92 <u exp( 5 ) M+1> v
+ ..

—c
exp (#) i N 2 OM+iexp (%)hMQ—m _ M) oy (T)
~ 2M[ (M) (5) i
W is i [T (M —1+3)
J=1
where u = 2.
P42 (LN4, Page 27)
v~ (p+ ™) P [r— (it o®)
M, (t) = . B ,
()= BT oy (4 % 2
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Proof. The moment-generating function M, (t) is the Laplace Transform of f (x)
b
E () :/ e f (x) dx

/b exp ( —(920;2;02 )
= [ exp(te)——=dx
a D

1t N2
:5/ exp (%—l—tm) dx
“ o

o2t?
_ exp <Mt + T) /b exp —[(E . (,LL 4 U2t)]2 "
D 202

a

oot

We evaluate fab exp < — oy

xr— 0'2
) dx first. Let u = (s+0%) and du = -4

b 2,\12
—[z — t
/ exp ( [2 (2'122—0 ) > dx
b—(u+02t>
V2o 9
=20 ﬁ_(wa%) exp (—u )du
V2o

(o)’

202

b

_ z — (pu+ o%t) —[z — (u+ %))
=20 N exp ( 5

AT o (—[I ~(u+ o?t>]2> el

N—
>
wlL !

2

Therefore, we derive the moment-generating function

r— o ot v — o2t [
M, (1) = | (;‘; tﬂexp(ﬂH ;_[ (/;; t>]>h__1 =
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P43 (LN7, Page 27)

o —[z —
mlzu—ﬁexp T

Proof. Taking the first partial derivative on ¢, we derive

OM, (t)

ot
10 Jr—(u+0%t) —[z — (u+ 0%t))” [ :;;C'Zt L o’t?
Ba{ 2 o0 207 ha LR S

where
d ) a—(u+a’) —[z — (u+ o?t)] h*[z*(:jt)] b
ot 2 P 207 = a

2 202 i a
gre [zt ot [ 1, L e e o SR
202 2 5 202 : a
—fr — 2 b
e [l
20'2 a
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and

Therefore,

M, (1) _ —o” (—[a: —(u+ oQt)]Q)
ot D P

Let t = 0 and we derive

U
P44 (LN8, Page 27)
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With a few steps of operations,

92 M, (t)
a2

—o’x —[z — (u + o2t)]” ot?
= ) exp ( 952 exp <,ut + T)
2

242 24112
o > ot —[z — (p+0°t)]
-5 (1 +to®) exp (ut—i—T) exp( 57 )

x — o? 2 o?t? —lr - ot)]? e (o))
Nl LA PR (m _t) exp ( [z — (n+0%)] ) o

b

a

b

2D 2 2(72 a
2 242 24112 [ (ute?0)]?
x—(u+a’) o’t —[r—(pt )]\, )
g () e (s T Je | =

Let ¢t = 0 and we derive

0 M, (t) 2 , 0 _[x_N]Q
m2:T|t:OZM +o TP Tz (z + p)

b

a
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U
P45 (LN10, Page 27)

s S ()
b

V() =0~ Ugexp (_—[20—2u] ) (x—p)|> — {%ﬁexp (—_[Z;M] ) a} )

Proof. The mean and variance of the truncated normal variables are functions of the first

and second moments

E(x) =m

V(1) = my —my?.
Bringing the result of P45, we can conclude the proof.

B() = p— % exp (%) b

3 Cumulative Distribution Functions in “h” Forms

This section presents the cumulative distribution functions of 30 statistical distributions
by using the “A” function. The author demonstrates that “A” can serve as the minimal
function that unifies many seemingly unrelated distributions. Each of those distributions
are associated with one of the following functions: the gamma, error, beta, hypergeometric,

and Marcum Q- Fcuntions.
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3.1 The Gamma Function

The complete gamma, lower incomplete gamma, upper incomplete gamma, and regularized

gamma functions can be specified as the following “A” functions:

['(s) = Crexp ()0, 1,

—X

v (s,2) = ’exp (—x)h 5,
I (s,2) = Cexp (~C)h Y1 — x’exp (—x)h. ",
zysexp (C —x)h™
P(s,z)=(—= — :
<c> hS

s

With the above functions, we can specify ten cumulative distribution functions that are
associated with the gamma function exclusively with the “A” function. These distributions
include the gamma, Poisson, chi-sqaure distributions, Erlang, inverse-gamma, chi, noncen-

tral chi, inverse chi-square, scaled inverse chi-square, and generalized normal distributions.

C1 Gamma distribution

z \kexp (C — £)h, °
F 7k7 ) = <_> 6 )
(v:k.0) = (55 h G,
where k > 0 (shape parameter), § > 0 (scale parameter), and = € [0, 00).

C2 Poisson distribution

F(k;A)=1- (g)kﬂ (eXp (C - A)h?) |

h. ¢

where X\ > 0 (expected number of occurences) and k € Z .
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C3 Chi-square distribution

Flaik) = (%) hy© ’

where k € N (degree of freedom) and x € [0, 00).

C4 Erlang distribution

Az Fexp (C = Az)h
F (k) = (Ex) Sl hcx) =,
k—1

where k € N (shape parameter), A > 0 (rate parameter), and z € [0, c0).

C5 Inverse-gamma distribution

B

B )O‘exp (C — g)h;_zl

F oz —1— [ =

where o > 0 (shape parameter), 8 > 0 (scale parameter), and x € (0, c0).

C6 Chi distribution

where k& > 0 (degree of freedom) and z € [0, 00).
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C7 Noncentral chi distribution

where k > 0 (degree of freedom), A > 0 (noncentrality parameter), and z € [0, 00).

C8 Inverse-chi-square distribution

_ L
fexp (€ )i

1
F(m,u):1—<20x> nLC ;

271

where v > 0 (degree of freedom) and z € (0, 00).

C9 Scaled-inverse-chi-square distribution

5 _gv

Zexp (C — u)hl, 2z

F(‘y 2):1_ O'2V 2 p( 2z 51
rv,o 2C.§U hECl
5

where v > 0 (degree of freedom), 0% > 0 (scale parameter), and x € (0, 00).

C10 Generalized normal distribution

< _ [ lz=ul

1 |z — 4 ep(c (a>

F(a:;u,oz,ﬁ)=§ L+ sgn (z — ) 1
aC'B

where 1 € R (location parameter), o > 0 (scale parameter), 5 > 0 (shape parameter), and

x € (—00,00).
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3.2 The Error Function

The error function, the complementary error function, and the cumulative distribution func-

tion of the standard normal distribution can be expressed as an “A” function.

x 2

erf (z) = —=exp (—2*)h "%,
VT =) e

erfc () =1 — iexp (—xZ)h_”f,

v 2

O (x) =

1
2

We identify eight cumulative distribution functions that is associated with the error
function and present them in “h” forms. These distributions include the normal, inverse
Gaussian, log-normal, logit-normal, half-normal, folded normal, Maxwell-Boltzmann and

Lévy distributions.

C11 Normal distribution

1
F(rip0) =3

(z—p)*
r—p <H>2> T 207
e T (|
V2ro P 20% !

where 1 € R (location parameter), o > 0 (scale parameter), and = € R.

C12 Inverse Gaussian distribution
A T o 2 ;_j(ﬁ_l)2
tey s () e (260 )
1 2 A [ 2\ 52 (&)’
- i I N T A (i | —_>\<£ 1) 2z \p
e (B) -y (er)eo (260 2™ .

where > 0 (location parameter), A > 0 (shape parameter), and x € (0, 00).

1
F('ra/%)‘) 25
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C13 Log-normal distribution

2
1 lOgl’ — [ (log z—p)? (10g1(‘72,u)
F(m;M,U):§+meXP <—%>h—71 2 :

where 1 € R (location parameter), 02 > 0 (scale parameter), and x € (0, 00).

C14 Logit-normal distribution

: 2
1 logit () — p losit(a) g2 | —ostt@) =)
F (x;,u,aQ) = — [1 + <2—73geXp< ( th[(Tz) ) >h71 207 :

where 1 € R (location parameter), o > 0 (scale parameter), and = € (0, 1).

C15 Half-normal distribution

g2

—z2\7 202
exXp (F) hzl s

2

F(z;0) =

T
V2mo
where o2 > ( (scale parameter), and x € [0, 00).

C16 Folded normal distribution

()2 (g2
S (ot il (=) Gt
V2ro 202 _71 V2o 202 _71 ’

1
F(x;p,0 )—5

where p € R (location parameter), 02 > 0 (scale parameter), and z € [0, 00).

C17 Maxwell-Boltzmann distribution

g2
92 Trexp (?)
F(z;0) = —~ eXP<2a2>h2“2 o

2ma ™ a

where a > 0 (scale parameter) and z € [0, 00).
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C18 Lévy distribution

(e}

F(zipa)=1- < —a >h2($—ﬂ)’
i) =1 o= P )

where > 0 (location parameter), a > 0 (scale parameter), x > p, and z € [0, 00).

3.3 The Beta Function

We can transform the complete, incomplete, and regularized beta functions into an “h”

function. e
B(a,B) = P (= _2; e LY
a+B—1
i+1
B, (0,6) = rexp 1+z{ [H j>]
=1,j#i
i1 potk
[x exp ( kzzo k' E(a+k) }
B, (a,
]é<a76):: j§%§£§?”

Using the three functions, we can express the cumulative distribution functions of the
following eight distributions in “h” forms, including the beta, binomial, F', beta-prime, neg-
ative binomial, Yule-Simon, noncentral F', and noncentral ¢ distributions. To simplify the
expression, we only present the regularized beta function as a ratio of the incomplete to

complete beta function.

C19 Beta distribution
}7($;&,£D ::]i(aaﬁ)a

where o > 0 (shape parameter), § > 0 (shape parameter), and x € (0, 1).

C20 Beta prime distribution

F(x;a,0) =12 (),

1+x
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where o > 0 (shape parameter), § > 0 (shape parameter), and x € (0,1).

C21 Binomial distribution
F(kan’p) = Il—P (TL —k, 1+ k) )

where n € N (number of trials), p € [0,1] (success probability in each trial), and k& €
{0,1,--- ,n}.

C22 Negative binomial distribution
Fkir,p)=1—-1,(k+1,r),

where r € N (number of failures until the experiment is stopped), p € (0,1) (success proba-
bility in each trial), and &k € {0,1,2,3,---}.

C23 Yule-Simon distribution
kexp (—C)hi < hy ¢

h ¢ ’

k+p

F(kip)=1
where p > 0 (shape parameter) and k € N.

C24 F-distribution

dy do
Flodyd) =1 a0 22
<x’ b 2) d1il+d2 (2 2)

where d; > 0 (degree of freedom), dy > 0 (degree of freedom), and z € [0, 00).

C25 Noncentral F-distribution

F (x;dy,dy, \) = i [(%)\)Z@fip (_T/\)]] i (ﬂ 4 @) 7

)
i=0 dyx+do 2 2

where d; > 0 (degree of freedom), dy > 0 (degree of freedom), A > 0 (noncentrailty parame-
ter), and = € [0, 00).
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C26 Noncentral t-distribution

N\

INNgL:

.

o
—

PER
oI, S

F(z;v,0) = D (—6) + exp (_%52)

\

(Johnson and Kotz 1970, p.205).

— exp (—30%)

518

~—

<.
I

<
Il
o

~r

3.4 The Hypergeometric Function

The hypergeometric function is the core of the cumulative distribution function of Student’s

t distribution (C27)

52

[M]

57}

~

[e=]

N—— NS N

NIEd

/N

— Z),if$<0,

where v > 0 (degree of freedom), § € R (noncentrailty parameter), and =z € (—00,00)

.



where v > 0 (degree of freedom) and z € (—o0, 00), and

> _ +
5 03
0o v—1 . 2 i—1 v—1
Sl ()
=1 7j=1
) 22 §+k
xz)ﬁ g =Z ! . v)
— ) exp(5-)hf =) (1)
( - p k! (%—l—k‘)

3.5 The Marcum Q-Function

The cumulative function of the noncentral chi-square function has a form of the Marcum
Q-function (C28)

1—Q§<\/X,\/E>,

where k& > 0 (degree of freedom), A > 0 (noncentrailty parameter), and x € [0, 00), and

o | N
) exp <%> o, o\ 2 CMFiexp (ZE)hy2 1 — PV Hexp (%) Mot
u(0.) = p 1oy 2 (5) <

i ] (M =1+ )
j=1

In addition, the Marcum Q-function also applies to the Rice distribution (C29)

o)

where v > 0 (Rice distribution parameter), o > 0 (scale parameter), and z € [0, 00).
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3.6 The Truncated Normal Distribution

The cumulative distribution of the truncated normal distribution (C30) can be easily derived

as
x

w?\ , A
T—p —\r— 20
2 OXP ( 202 ) h_i

F(z;p,0,a,b) = 2

z—p (e oA
— - — 20
5+ exp ( 52 ) h_{

a

b )

2 a

where a <y < b (location parameter), and o > 0 (scale parameter).

4 Matlab Programs

To facilitate replications of the findings in this manuscript, the author prepares 26 matlab
program files (.m) for readers. These files are categorized into three groups: supporting files,
figure and table files, and test files.

4.1 Supporting Files

M1 (h.m)
Description: calculate the “h” function.

Input arguments: h(s,c,n); argument s is the base parameter; ¢ is the power parameter;

oo
no is the number of summation terms for ) h; ¢ when s is a negative integer.
s=0
M2 (hl.m)
Description: calculate the “A” function with arbitrary precision.
Input arguments: h(s,c,pre); argument s is the base parameter; c is the power parameter;

pre is the level of precision (number of singificant digits in matlab’s vpa function).

M3 (difference.m)
Description: calculate an nth-order forward difference for the “A” function.
Input arguments: difference(s,c,order); s is the base parameter; ¢ is the power parameter;

order is the order of the forward difference.
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M4 (hinv.m)
Description: calculate the inverse “A” function by numerical analysis.

Input arguments: hinv(k,s); k is the value of the “h” function; s is base parameter.

M5 (flexpo.m)
Description: specify the exponential integral function of the first order.

Input arguments: flexpo(z); x is the integral variable.

M6 (f5expo.m)
Description: specify the exponential integral function of the fifth order.

Input arguments: fSexpo(z); x is the integral variable.

M7 (fl0expo.m)
Description: specify the exponential integral function of the tenth order.

Input arguments: fl0expo(x); x is the integral variable.

M8 (hbetainc.m)

Description: evaluate the incomplete beta function by using the “A” functions.

Input arguments: hbetainc(z,a,b,nbeta,pre); x is the random variable; a is parameter «; b
is parameter [3; nbeta is the number of expansions for calcutaing the incomplete beta func-

tion; pre is the level of precision (number of singificant digits in matlab’s vpa function).
M9 (hmQ.m)

Description: estimate the Marcum Q-function in “A” forms.

Input arguments: hmQ(a,b,m); a is parameter a; b is parameter b; m is parameter M.

4.2 Figures and Tables

M10 (figurel.m)

Description: functional plots of exp (—:pp/ (7’*‘1)).
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M11 (figure2.m)

Description: functional plots of exp(—z) and h¥ when s is a non-integer.

M12 (figure3.m)

Description: functional plots of exp(—z) and h”, by varying ¢.

M13 (figure4.m)
Description: functional plots of exp(—z) and h? with three significant digits (if s € Z7).

M14 (figure5.m)

Description: functional plots of —In(z) and ~'h (z).

M15 (figure6.m)

Description: functional plots of x~™ exp(—z).

M16 (tablel.m)

Description: total number of significant digits by varying C'

M17 (table2.m)

Description: simulation results of numerical precision by varying C and ¢.

4.3 Tests

M18 (basic.m)
Description: test the rules of addition, subtraction, multiplication, and division for the

“h” function.

M19 (errorfirst.m)

Description: estimate the upper limit of the error resulted from a considerably larger C'
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for By (EQ 23, Page 20).

M20 (errorsecond.m)
Description: estimate the error resulted from the number of summation terms ¢ for E)
(LN 7, Page 21).

M21 (testgamma.m)
Description: test ten cumulative distribution functions associated with the gamma func-

tion (C1-C10 in the supplementary material).

M22 (testgaussian.m)
Description: test eight cumulative distribution functions associated with the error function

(C11-C18 in the supplementary material).

M23 (testbeta.m)
Description: test eight cumulative distribution functions associated with the beta function

(C19-C26 in the supplementary material).

M24 (testhypergeo.m)
Description: test Student t distribution (associated with the hypergeometric function, C27

in the supplementary material).

M25 (testmarcumQ.m)
Description: test two cumulative distribution functions associated with the Marcum Q-

function (C28-C29 in the supplementary material).

M26 (testTN.m)
Description: test the cumulative distribution function of the truncated normal distribution

(C30 in the supplementary material).
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